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Abstract 

We obtain sharp estimates for the locaUzed distribution function 
of the dyadic maximal function Md4'- when (j) belongs to LP'°°. Using 
this we obtain sharp estimates for the quasi-norm of Md'P in L^'°° 
given the localized L^-norm and certain weak L^-conditions 
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1 Introduction 

The dyadic maximal operator on M" is defined by 
A^d0(x) = sup I -— — j |0(M)|(i-u : X G Q, Q C M" is a dyadic cubel (1.1) 

I \Q\ Jq j 

for every (j) G ^^^^^(IR"'), where the dyadic cubes are those formed by the grids 
2~^Z" for N = 0,1, 2, .... It is known that it satisfies the following weak type 
(1,1) inequality 

\{x : Md(pix) > \}\<\ [ \(l){u)\du (1.2) 

for every (j) G L^(M") and every A > from which we easily get the following 
LP inequality 

\\MMp<^\mp- (1-3) 
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One way of studying such maximal operators is the computation of the so- 
called Bellman functions related to them, which reflect certain deeper prop- 
erties of these maximal operators. Such functions related to inequality fll.Sp 
are precisely evaluated [1], [5]. Actually if we define for any p > 1 

BAf,F)...,[±liM.,nu: ±l,.f, j^J^r-F] (1.4) 

where Q is a fixed dyadic cube, is non-negative in LP^Q) and F, / satisfy 
< / < F^/P. It is proved in ^ that Bp{f,F) = Fup{f)P where Up : 
[0, 1] — )■ [1, is the inverse function of Hp{z) = —{p — 1)zP -|- pz^"-^. Using 
the above result it is possible to compute more comphcated functions related 
to maximal dyadic-like operators. 

The case where p < 1 is studied in [5] where it was completely solved. 

One may look (11. 4p as an extremum problem which reflects the deeper struc- 
ture of dyadic-maximal operators. Certain other extremum problems arise 
in this spirit. Some of these are the computation of the following functions 

F) = sup I \\Mt<P\ Ip,oo : > 0, ^ = /, 1 1 101 1 |p,oo = f| , 

0</<F (1.5) 

and 



5i(/,F) = sup |||A^r0lUoo : (P>0,J^(Pdf^ = f, m\p,oo = i^}, 

< / < -^F (1.6) 
p — 1 

where {X, /i) is a non-atomic probability measure space, T a tree on X and 
Air the corresponding maximal operator as it will defined in the sequel. 
Additionally 

||0IU = sup{A/x({0> A})^/^: A>0} (1.7) 
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is the standard quasi-norm in U''°° and 

sup |/i j \(j)\dii : E CX measurable, such that fx{E) > o| (1.8) 

is an equivallent norm in L^'°°. 

In this article we exactly compute these functions. In fact we set. 

Bif, F, A) = sup{^({A^0 > A}) : > 0, / = /, 1 1 101 1 < F}. (1.9) 

Jx 

for < / < F, A > and 

B,{h, F, A) = sup |/i {{M^ > A}) : > 0, ^ 0c?/i = /, ||0||p,oo = F^IAO) 

for < / < -^^F, A > and we compute them. After that the computation 
of fll.Sp and f ll.6p is an easy task. 

Additionally it is not difficult to compute 

B^if, F, A) = sup j/i ({A^0 > A}) : > 0, ^ 0d/i = /, 1 1 101 1 = f| 

(1.11) 

for the range / < A < (FP//)i/(P-i), by the method that ffLTOj) is computed, 
while the proof remains the same for A > (pp//)V(p-i)^ as it is in Theorem 
3.1. The result is that: 

B2if,F,\) = B{f,F,\). 

Related problems are studied in fB^j. In all these problems the correspond- 
ing functions are independent from the particular tree T and the measure 
space (X, fi). 



2 Some general facts 

Let {X, fi) be an non-atomic probability measure space. We begin with the 
following 

Lemma 2.1 Let : X — ?► measurable and I (1 X be measurable with 
> 0. suppose that Avf{(f)) = Jj4>dfJ' = s. Then for every (3 G 
(0,/i(/)] there exists measurable set Ep C I with ii{Ep) = (3 such that 
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Proof. 

Consider the measure space (J, /i//) and define ip : I ^ R"*" with ilj{t) = (f){t), 
t e /, so that ip = 

Then, if ip* : [0,/i(/)] — > is the decreasing rearrangement of %p, we 
have that 

- / r{u)du > — — / r{u)du = s>- riu)du. (2.1) 

The inequahties are obvious because ip* is decreasing while the equahty is 
true because of 

ip*{u)du = / (pdii. 

From (12. ip it is deduced that there exists a r > such that /3 + r < 
with 
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/3+r 

= s. (2.2) 



It is now easily seen that there exists an Ej^ measurable subset of / such that 
^{Ep) = /3 and / (pd^i = / ip*{u)du. (2.3) 



(12. 2p and (12. 3p now give the conclusion of Lemma 2.1. 
We prove now the following 

Proposition 2.2 Let : X — )■ IR+ measurable, J^(pdn = f, mv^nip^oo 
F{f < F) . Let I C X be measurable with fj,{I) > such that Avj{(p) = s. 
Define ^ : X ^ R+ with 

Then ip G 1^'°°, |||V^|||p,oo < F and J^ipd^ = f. 
Proof. 

It is clear that ipdfi = (pdfi = /.Let now £" C X be measurable with 
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li{E) > 0. We prove that /i {E)~^^^^^ jj^i^d^i < F. We write E = E1UE2 
with El C X\I, E2CI and fx{Ei) + ^(^2) > 0. Then 



Using Lemma 1 we have that s < jij^^ J^^ for some Ej^ measurable 
subset of / with n^Eji) = fi{E2). Hence from (12.51) we deduce that 

= ^^{E,UE,)-'^'/^^^^^^^c^d^^ (2-6) 

< \M\\p,oo = F 

so that 1 1 1'?/'! I |p,oo < F and the proposition is proved. 

Let now (X, /x) be a non-atomic probabihty measure space. Two measur- 
able subsets A^BoiX will be call almost disjoint if yLi(A n 5) = 0. We give 
now the following 

Definition 2.1 A set T of measurable subsets of X will be called a tree if the 

following conditions are satisfied: 

i) X eT and for every I E T we have fi{I) > 

a) For every / G T there corresponds a finite subset C{I) C 7" containing at 
least two elements such that: 

(a) the elements of C{I) are pairwise almost disjoint subsets of F 

(b) i = uc{i) 

iii) T = Um>{o)T(m) where % = {X} and T(m+i} = Ui^r^,^^C{I) 

iv) hm„^oo supj^j-(^^fi{I) = 

From [4j we have the following 

Lemma 2.3 For every / G T and every a such that < a < 1 there exists a 
subfamily J^{I) C T consisting of pairwise almost disjoint subsets of I such 
that 

(UjG^(/) J) = Yl Z^^"^) = (1 - 
Je.F(7) 
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Let now (X, /x) be a non-atomic probability measure space and T a tree as 
in definition (1.1). We define the associated maximal operator to the tree T 
as follows: Let be function on X such that (j) & L} (X, /x) then 

Mt(P{,x) = sup I ^ |0|ci/i : x e / C r| (2.7) 

for every x G X. Due to proposition (1.2) in order to find 

sup |/i({7Wr</' >^})-4>>0,J^^dfi = f,M\ < F 

we may assume that = A on the set where M-fcf) > A. 

As for the domain of the respective extremal problem it is easy to see that 
it is as mentioned in equations (11. 5p and (II. 6p . More precisely there exists a 
non negative and not equal to the zero function such that (pdfi = f and 
Ip^oo = F a and only if < / < F for (II. 5p and analogously for (11.61) . 



3 The first extremal problem 

Theorem 3.1 Let {X,n) be a non atomic probability measure space, T a 
tree on the measure space X and M.r = -M the associated maximal operator, 
then the following holds 

Bif, F, A) = sup {/. {{M<P > A}) : > 0, = /, 1 1 101 1 \,,^ < F} 

= min{lJ/X,FP/XP) 

where < / < F, A > 0. 

Proof. 

We calculate 

r 1, < A < / 

rmn{lJ/X,FP/Xn = { /A, /<A< 

[ FP/XP, {FP/ff^"-^'^ < X 

For < A < / it is implied yu({A^0 > A}) = yu(X) = 1 for any such that 
0d/i = /. For / < A < {FP/ff'^^'~^^ it is proved in ^ that 

sup j/i ({M0 > A}) : > 0, ^ 0rf/i = /, ^ 0Prf/i = = //A (3.1) 
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since Lp{X, /j,) C /i) and (jy^d^i = PP implies 1 1 10| | |p,oo < F we lead 

to S(/,F,A) = //A due to 

/i({-M0 > A}) < i^:!^^ < //A, VA > 

A 

We prove now the rest of the theorem by showing that B{f, F, A) = F^/X^, 
when A > {F^/ f)^^^^~~^\ Without loss of generality we suppose that F = 
1, / < 1- We first prove that B{f, F, A) < l/A^ for every A > 0. For this let 
: X ^ M+ with |||0|||p,oo < 1, /_y = / and A > 0. If A < / < 1 ^ 
B{f,F,X) = 1 < ^. Let now A > /; if we set K = {Mcf) > A} we have 
that K = Ujlj where Ij G T almost dijoint and ^^^j-y Jj (j)dfi > A so that 

Jj (pdjji > X^{Ij),^j. Summing over the indices we obtain 

/ = / > A/i (Ujlj) = Xfi{K). (3.2) 

Jk J^jlj 

However, |||0||| < 1 ^ ^i{K)-^+^/p jK<Pdf^ < 1 and since (E^D is valid we 
end up to /i({A^0 > A}) = n{K) < l/A^. Therefore B{f, F, A) < l/A^ for 
every A > 0. We prove the inverse inequality for A > (1//)^^^^"^^ , F = 1. 
We show it first for the case where (X, /x) = ([0, 1], | ■ |) where | ■ | denotes the 
Lebesque measure. Let (f) : [0, 1] — )■ be the function defined by 

{l-l/p){t + l/XP)-^/P, 0<t<A 
= { 0, A<t<l- l/XP (3.3) 

A, 1 - 1/AP < t < 1 



where A = f p/^P-^) - 1/Xp < 1 - 1 /A^. We prove that (pdfx = f, 
1. For t G [0,A] we have that 



p,oo 



P{s)ds = {t + l/XP)'-'^" - 1/XP-^ (3.4) 

For A < t < 1 — : (j){s)ds = f — thus (f){s)ds = f. It is quite 
clear | {0 > A} | > |[1 - l/A^, 1]| = l/A^ and for every t e [0, 1 - l/A^] we 
derive that ^ 

/ (j){s)ds <{t + l/XP)^-'^'' -{l/XPy-'^P (3.5) 
Jo 
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therefore for every EG [0, 1 — l/A^] with [E'l > we find 

[ (l){s)ds < <p{s)ds < {\E\ + l/X^f-^'" - il/X^f-^'" (3.6) 

J E Jo 

since is decreasing on [0, 1 — 1/A^]. 

We now prove that |||0|||p,oo < 1- It is enough to prove that 

< 1 (3.7) 



{\E,\ + \E2\y-yp 

for every El C [l-l/A^, 1] and every C [0,1 -l/A^] such that \Ei\ + \E2\ > 
0. Equation (13. 7p is equivalent to 



Jj,J{s)ds < mf{{\E,\ + \E2\y-'/P - X\E,\ : \E,\ < l/X^} 
= inf{(a+|E2|)^~^/^-Aa:0<a< l/A^}. 



(3.8) 



We define g : [0, l/A^] ^ M+ by g{a) = {a + l^al)^"^/^ - Xa. Since g is a 
concave function of a and (x + y)^ < x'^ + y'^ for x, ?/ > 0, g < 1, we derive 

inf {^(a) : < a < 1/Ap} = min {^(0), ^(l/A^)} 

= min ||E2|i-Vf, (1/A^' + IE2I)'"'/'' - (l/XP)'''^" 



= (1/AP+ 1^2!)'^'/^- 1/Af^i. 
Therefore in order to prove that |||0|||p,oo < 1 it is enough to show 

/ 0(s)rfs< (l/AP+|E2|)'-'/^-l/AP-i 



for every E2 C [0, 1 — 1/A^] which is true by (13. 6p . Thus we obtain 1 1 10| | |p_oo < 
1. In addition 1 1 1'?/'! | |p,oo > ||V^||p,oo for every ip G LP'°° and 

I {0 > A - e} I > 1/A^ 

for every e > small enough for our specified 0. Therefore ||0||p,oo > 1 
consequently 

> 1. 



|p,oo 

We have proved that |||0|||p,oo = 1- 



We prove now that for A > (^j^" \F = 1 we have B{f,E,X) > l/A^ for 



the general case. Let (X, jj) be a non atomic probability space and T be a 
tree on X . From Lemma 2.3 there exists a sequence of almost disjoint 

subsets of X such that /i(U/j) = J2j fJ^{Ij) = l/A^. We set Z = X\ (Ujlj). 
Then IJ.{Z) = 1 — Let now (p be the function defined by the following 

way: : [0, 1 - l/A^] ^ M+ with 

where A is such that (f){s)ds = f — 1/A^~^. 

Since - y (s + l/XP)-^/Pds = 1 - l/A^"^ > / - l/A^-^ this choice 

of A is possible. 

The measure space {Z,ii\Z) is non-atomic finite thus there exists ipi : Z ^ 
M+ with ^0* = 0, where V'l is the decreasing rearrangement of ■0i- Define 
now V : ^ IR"^ by 

Then ^0 is a well defined measurable function on X and 

(3.11) 

In addition for every E C Z 

r r r\E\ r\E\ 

Hl^= ^P^dn < / xl:l{s)ds = / (P{u)du < {\E\+l/XPy-^/P-l/XP-^ 

J E J E Jo Jo 

(3.12) 

so as before we can conclude that |||'0|||p,oo < 1- Due to | {'0 = A} | > |Uj/j| > 
1/A^ we can see that | l^'l |p,oo ^ 1 and from the inequality 1 1'0| |p,oo ^ IWi^W \p,oo 
we deduce |||'0|||p,oo = 1- Finally iJ,{{Mijj > A}) > 1/A^ and this implies 
B{f,l,X) > 1/XP hence B{f,l,X) = 1/Xp for A > ())^. Theorem 4.1 is 
proved. 

A direct consequence of the Theorem 4.1 is the following 
Corollary 3.2 LetO< f <F and 

Bif, F) = sup 1 1 \M<i>\ |,,oo : J^<jydf, = f,M\ |p,oo = i^} • 



Then B{f, F) = F 



Proof. 

It is easy to see that in the definition of B{f, F, A) we can replace fi{{A4(f) > A}) 
by /i({A^0 > A}). By theorem (1.4) we derive /i({A^0 > A}) < ^ for every 
4> such that |||0|||p,oo = F and for every A > 0; therefore A^/i {{Ai4> > A}) < 
FP, which means ||-M0||p,oo < F if |||0|||p,oo = F. However, for A > 
(i?P//)i/(p-i) it is imphed B{f, F, A) = Fp/Xp and the supremum is attained 
for some (j) such that |||0|||p,oo = F and J^cpdfi = f hence B{f,F) = F for 
< / < F. 



4 The second extremal problem 

We now prove the following: 

Theorem 4.1 Let {X, fi) be a non atomic probability measure space, T a tree 
on X, Aif = M. the associated maximal operator. Then for < / < F 
we have that 

B, (/, F, A) = sup {A^ > A}) : ^ rf/x = /, 1 101 |p,oo = f| 

r 1, < A < / 

= min(l, //A, kPFP/\P) = \ //A, / < A < {FPkP / ff/^P-^'^ 

y kP FP/XP, A > [FPkP/ff^-^^ 

where k = p/{p — 1) and 1 10| |p oo = sup |A/i ({0 > A})^^^ : A > o| 

Proof. 

We assume that F = 1, f < k and we search for 1,A). We observe 

that ||0||p,oo = 1 implies |||0|||p,oo < k since for every ip G LP'°° it is true that 
|||^|IU< ^llV^IUoo Therefore 

fi ({7W0 > A})"^+^/^ / 0rf/i < A; (4.1) 

J{M<t>>X} 

however, J^j^^^^} ^^f^ - -^-/^ ({-^0 > -^}) thus ( 141]) yields fi {{M(f) > A}) < 
kP/XP for every A > 0. Hence for A > {kP / fY^^^~'^\ 

B,{fA,X)<kP/XP (4.2) 
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We proceed proving the reverse inequality of fl4.2p : Lemma 2.3 implies the 
existense of a sequence Ij of pairwise almost disjoint subsets of X such that 
Ij e T for every j and fJ'{Ij) = f^i^jlj) = k^/X^. For all values of A 
satisfying k^/XP < //A < 1 the particular choice of is possible. Since 



/ r^/Pdt = kp/xp-^ = ^ 5" f^i^i) (4-3) 

Jo ^ 

it is not difficult to see using Lemma 2.1 repeatedly that there exists a se- 
quence {Aj)j of measurable pairwise disjoint subsets of [0, fc^/A^] such that 
J2j \Aj\ = kP/XP and J^ t'^/Pdi = X\Aj\ with \Aj\ = for any j. For 

every j we set : Aj — )■ defined as ^j{t) = t'^^P for t E Aj. Let 
ipj : [0, l^jl] — 7- with ■i/'j = the decreasing rearrangement of C,j and 
since {Ij,fi\Ij) is a non-atomic finite measure space, there exists measurable 
: Ij — such that 0* = ipj. Therefore 

bjdfi= [ '\j{t)dt= [ ^j{t)dt= [ t-^/Pdt = X^i{Ij) 

Jo J Aj JAj 

thus 



Since {Ij} ■ is almost disjoint there exists a well-defined function 0' : Ujlj — )■ 
such that (p' = (j)j /^-almost everywhere on Ij. Then for every > with 
l/QP < kP/XP we deduce that 

m' > 0}) = I^iW > ^} n /,) = I {<Pj > 0} I 
= I {V^. > ^} I = \{t>0: t-^IP > 9} I 
= 1/9P 

For ^ > such that I/Qp > kP/XP, 

> 0}) < I^i^jlj) = kP/XP. 

The following holds 

[ (P'dfx = XJ2 Klj) = kP/XP-^ 
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We extend the function 0' to : X — t- IR+ such that (pd^ = f, 1 10| |p oo = 1 
and {M(j) > A} 3 \JjIj. We proceed as follows to define 0a : [0, 1 - kP/X^] 
M+ as 

{t + kP / XP)-^/p ,0<t<Ai 
,Ai<t<l- kP/\P 



where Ai is such that 



Ai 

Mt)dt = f- kP/XP-' (4.4) 



Since J^'^'^^'it + kP/XPy^/Pdt = k-kP/XP-^ > f-kP/XP-^ , (021) is possible 
for some Ai < 1 - kP/XP. Then for 9 < {kP/XP)-^/P = X/k 

I {0A > ^} I < I G [0, 1 - kp/xp] : {t + kp/xp)-^'p >e]\ = e-p- kp/xp 

However 

0A(t) < X/k 

for every t G [0, 1 — kP/XP], which gives 

I {<Px>9} 1=0 

for 6 > X/k. Obviously 

fi{x\{Ujij)) = fi{z) = 1 - kp/XP 

so there exists cf)" : Z with(0")* = 0^. Then 

(l)"d^i = f- kp/xp-' 



and 

0, if ^ > X/k 

9'P - kP/XP, if e< X/k 



4)'{t), if t e Ujlj 
0"(t), if tez 



^^ ({0" > e}) < 

hence by defining 

0(t) = 
we obtain 

'' (j)dfi = f, ||0||p,oo=l (4.5) 
fi{{M(j) > A}) > kP/XP (4.6) 



X 
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therefore 1,A) = fcP/A^ for A > (P//)^/^^'"^). In order to prove the 

theorem it is enough to show that -Bi(/, 1, A) = //A for / < A < 
We show it using the following arguments; for every G L^'°° such that 
0ci/i = /, it is true that > A}) < //A, so that Bi{f, 1, A) < //A. 

We also need to prove the reverse inequality; it is easy to see that there exists 
G : [0, //A] — 7- strictly decreasing, continous, convex function such that 

///^ G{t)dt = /, G{t) < t~^/P for every t 

(4.7) 

limj_^o+ G{t) = +00, limt^+oo {\ {G > t} \ tP) = 1 
The existence of such a function G is possible since the following holds 

By Lemma 2.3 there exists a sequence {Ij} of pairwise almost disjoint el- 
ements of T such that = //A. Then, G{t)dt = A^j /i(/j). 

Using again Lemma 2.1 repeatedly we see that there exists a measurable 
partition of [0, //A], {Aj} such that | Aj \= fi{Ij) and G{t)dt = \ \ Aj |, 

for every j. We define 0^ : Ij M+ by 0* = {G\Aj)*'. Then /^^, 0jc//i = 
G(t)dt = Xfi{Ij), implying Avj^{(t>) = A where = almost everywhere 
on Ij and = on the complement of Ujlj. Then for every 6 such that 
9-P < //A 

However 

/i({0 > ^}) < f^iUjlj) = //A 
for every 6 such that //A < Thus 

0(i/i = / and ||0||p,oo < 1- 

X 

Due to (iTD ||0||p,oo = 1- However, 

/i({-M0 > A}) > ^(U,J,) = //A 
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As a result Si(/,1,A) = //A for / < A < (A;f//)V(p-i). The theorem is 
proved. 



We state the following 
Corollary 4.2 LetBi{f,F) = 

= sup {||A^0||p,oo : > 0, (f)diJ, = f, ||0||p,oo — where f < kF and k — 
p/{p - 1). Then B^if, F) = kF 

Proof. 

For any > such that J-^4>dii = f and ||0||p,oo = F, we deduce that 
|||0|||p,oo < kF thus from Corrolary 1.5 Bi{f,F) < kF. Theorem 1.4 
implies that there exists > such that H^Hp.oo — Fjx^'^l^ ~ f 
sup{A^({A^0 > A})i/P : A > 0} ^ kF hence \\M(f)\\p,oc, = kF. Therefore 
Bi{f, F) — kF and the corrolary is proved. 
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